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Abstract: The np chart and the binomial cumulative sum (CUSUM) chart are
attribute charts that monitor the fraction non-conforming p. While the np chart
is effective for detecting large process shifts in p, the CUSUM chart is more
powerful for detecting small and moderate p shifts. This article presents an
optimisation algorithm for the design of the combined np chart and CUSUM
chart (the np-CUSUM scheme). This design algorithm not only optimises the
charting parameters of the np chart element and CUSUM chart element,
but also optimises the allocation of detection power between the two chart
elements, so that the best overall performance can be achieved. The
np-CUSUM scheme has the salient features of the np chart and the CUSUM
chart. The performance of the np-CUSUM scheme is compared with that of
other charts in a systematic and quantitative manner. The results show that the
optimal np-CUSUM scheme always outperforms, or at least performs equally
as, the individual np chart, CUSUM chart and binomial exponentially weighted
moving average (EWMA) chart by 222%, 5% and 11%, respectively, in
terms of the average number of defectives (AND), under different conditions.
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1 Introduction

Quality control (QC) is nowadays one of the most important activities in industries and
service sectors (Chan et al., 2009; Parveen and Rao, 2009; Raj and Attri, 2010). The
quality of a process can be achieved by statistical process control (SPC). The control
chart developed in SPC is an effective online monitoring technique widely used in
manufacturing industry and other sectors. Many new charts and SPC techniques have
been proposed in recent years (Wu et al., 2006; Garcia-Diaz, 2007).

The np control chart is a simple attribute chart used to check the number d of
non-conforming units found in a sample. The widespread applications of the np chart and
other attribute charts are attributable to several factors, such as the simplicity of handling
attribute quality characteristics, the capability of checking multiple quality requirements,
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the ease to communicate between people at different levels, and the prevalence of count
data in many non-manufacturing sectors. The np chart is equivalent to the p chart when
the sample size is constant. The fraction non-conforming p is defined as the ratio between
the number of non-conforming units in a population and the total number of units in that
population. When running an np chart, the process is considered to be in control if d
satisfies LCL < d < UCL. Here, LCL and UCL are the lower and upper control limits of
the np chart. However, if d < LCL, a downward p shift is signalled, and if d > UCL, then
an upward p shift is signalled.

Unlike the np chart that only uses the information about d in the last sample, the
binomial cumulative sum chart (CUSUM chart in short) incorporates all the information
in the sequence of observed values of d (Lucas, 1985a). While the CUSUM chart is more
sensitive to small and moderate shifts in fraction non-conforming p, it is less effective
than the np chart for detecting large p shifts. The reason is that the CUSUM chart does
not make a decision merely based on the data in the latest sample and is therefore unable
to respond promptly to a sudden and large p shift. A statistic C; is updated and plotted for
the / sample in a CUSUM chart for detecting upward p shifts.

Cy=0
C, =max(0,C,_, +(d, —dy)—k) (1)
= max(O, C_ +d,—(d, +k0))

where d, is the number of non-conforming units found in the /" sample, d, is the
in-control value of d equal to (mpy), and ko is the initial reference parameter. In
equation (1), the constant term (d, + ko) can be replaced by a single reference parameter k&
so that equation (1) can be simplified as follows:
Cy=0
(@)
C, =max(0,C,_, +d, —k)
When an increasing p shift occurs, C, tends to become larger and larger. Sooner or later,
a sample point will exceed the control limit H of the CUSUM chart, and thereby an
out-of-control signal is produced.

Another effective tool for detecting small and moderate shifts in fraction
non-conforming p is the binomial exponentially weighted moving average (EWMA)
chart (Roberts, 1959). This chart also uses cumulative information from all samples up to
the last one and has quite similar operating characteristics as the CUSUM chart
(Reynolds and Stoumbos, 2004a). A statistic £, is updated and plotted for the " sample in
an EWMA chart for detecting upward p shifts.

E, =0

3
E, =max(0,4(d, —d,)+(1-D)E, ) @
The parameters of an EWMA chart include the smoothing parameter 4 (0 <1 < 1) and the
control limit /. This chart produces an out-of-control signal when E, becomes larger than
w.

The CUSUM and EWMA charts have been increasingly recognised across industries
for SPC applications (Zhao et al., 2005; Shu et al., 2008). It is mainly attributed to the
fact that online measurement and distributed computing systems become a norm in



An optimisation design of the combined np-CUSUM scheme for attributes 19

today’s SPC applications (Woodall and Montgomery, 1999). Woodall (1984) described a
Markov chain representation of the binomial CUSUM chart. Hawkins (1992) proposed a
general algorithm for evaluating the average run length (ARL) of this chart. White and
Keats (1996) developed a computer programme to calculate the ARL for the Poisson
CUSUM scheme. Brook and Evans (1972) proposed a Markov chain approach to
calculate the ARL of the binomial EWMA control chart. Lucas (1985b) detailed the
design and implementation for the binomial CUSUM chart. Gan (1993) further developed
an optimisation algorithm to minimise the average time to signal (47S) at a particular p
shift value. Epprecht et al. (2010) proposed an optimal design for the attribute EWMA
chart with variable sampling interval. Lucas (1989) studied in particular the performance
of the binomial CUSUM chart when the defect level is very low and Bourke (2001)
investigated the operating characteristics of this chart under 100% inspection. Radaelli
(1994) examined the Poisson approximation to the binomial CUSUM chart. Wu and Tian
(2005) proposed a CUSUM chart based on the weighted loss function. Wu et al. (2008a)
studied a unique feature of the binomial CUSUM chart with an exponential w depending
on the size of process shift. Some researchers compared the performance of the binomial
CUSUM chart with other charts such as the ¢ chart (White et al., 1997) and the Bernoulli
CUSUM chart (Reynolds and Stoumbos, 2000).

Lucas (1982) proposed a combined scheme of an X (or X) chart and a CUSUM
chart. In his scheme, the CUSUM feature will quickly detect small and moderate mean
shifts while the addition of the X chart increases the speed of detecting large mean
shifts. Lucas (1982) also commented that the combined X and CUSUM scheme is
almost as easy to use as a single CUSUM chart. Wu et al. (2008b) proposed an algorithm
for the optimisation design of Lucas’s combined X and CUSUM scheme. Their
algorithm effectively improves the overall performance of the combined X and CUSUM
scheme over the entire mean shift range. Yashchin (1985) considered combined
CUSUM-Shewhart schemes for detecting one- and two-sided process shifts. Yashchin
(1985) and Abel (1990) addressed the use of the combined CUSUM-Shewhart control
schemes for count data that follow a Poisson distribution.

Morais and Pacheco (2006) discussed the wupper one-sided combined
CUSUM-Shewhart scheme for binomial data (referred as the M-P np-CUSUM chart in
this article). However, they did not develop a systematic procedure to design the
combined scheme. An np chart and a CUSUM chart are simply put together without
optimising the charting parameters or allocating the detection power between the np chart
element and the CUSUM chart element. Moreover, the design aims at minimising the
out-of-control A7S at a specified p shift. However, it is usually difficult to predict the
magnitudes or sizes of process shifts in most SPC applications (Reynolds and Stoumbos,
2004b). A control chart should be designed to produce a small out-of-control A7S for p
shifts of different sizes, or have an excellent overall performance across the entire shift
range of interest. Even though the performance of the M-P np-CUSUM chart has been
compared with that of some other charts, a clear conclusion has not been reached. Morais
and Pacheco (2006) mentioned that the M-P np-CUSUM scheme is better than np chart
for detecting smaller p shifts and outperforms the single CUSUM chart for detecting
larger p shifts, but they did not infer which chart is better from an overall viewpoint and
to what degree. They concluded that the combined np-CUSUM scheme may not be
necessarily better than the individual charts from an overall viewpoint. Another problem
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pertaining to the M-P np-CUSUM chart is that it often fails to satisfy the requirement on
the false alarm rate.

This article proposes an optimisation design of the combined scheme comprising an
np chart and a CUSUM chart, called the np-CUSUM scheme. This design algorithm not
only optimises the charting parameters of each of the np chart element and the CUSUM
chart element, but also optimises the allocation of detection power between the two chart
elements. The objective is to achieve the best overall performance. The performance of
the np-CUSUM scheme will be compared with that of other charts in a systematic and
analytical manner. The results show that this optimal np-CUSUM scheme is quite
effective for detecting both small and large p shifts, and its overall performance is always
better than, or at least as good as, that of the individual np chart, CUSUM chart and
EWMA chart. The high effectiveness of the np-CUSUM scheme is attributable to the
optimisation design of the combined control scheme as well as the concurrent use of the
information regarding the last sample and the information from the series of the previous
sample points.

The operating characteristic of a control chart is usually measured by the ATS. While
a small out-of-control ATS means prompt signalling of process shifts, a large in-control
ATS, indicates low false alarm rate. In this article, the out-of-control A7S is calculated
using the steady-state mode which allows the p shift to take place at any time within a
sampling interval.

In this article, the sampling interval / is taken as the time unit (i.e., # = 1), therefore,
the ARL is equal to ATS. The sampling interval % is determined by using the rational
subgroup concept. A rational subgroup is a group of units or a sample of size n. The n
units to be inspected in a sample are produced at the same time (or as closely together as
possible) and under a condition that only random effects are responsible for the observed
variation (Nelson, 1988). Subgroups must be representative of process operation.

In this article, it is assumed that the random number d (the number of non-conforming
units found in a sample) follows a binomial distribution with known in-control fraction
non-conforming p,. When a process shift occurs, the fraction non-conforming p will
change to

P=96py, “

where (6> 1) is the shift in terms of py. 0= 1 means that the process is in control.

Since the control charts for attributes are most often used to detect an increase in
fraction non-conforming or deterioration in quality (Lucas, 1985a; Reynolds and
Stoumbos, 1999), the focus of this research is to detect increasing p shifts.

The remainder of the article proceeds as follows. Firstly, the implementation and
design of the np-CUSUM scheme are presented. Then, a comparison of five control
charts including the M-P np-CUSUM chart and np-CUSUM scheme is presented.
Subsequently, a case study is illustrated. The conclusions and discussions are drawn in
the last section.

2 Implementation and design of the np-CUSUM scheme

An np-CUSUM scheme consists of a CUSUM chart element and an np chart element. It
has three parameters: the control limit A and reference parameter k& for the CUSUM
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element and the upper limit UCL for the np element. An np-CUSUM scheme is
implemented as follows:

1  Initialise the statistic C, in equation (2) as zero.

2 Take a sample of n units at the end of each sampling interval 4 and count the number
d, of non-conforming units in this sample.

3 Update C, as follows [referring to equation (2)]
C, =max (0, C,_, +d, —k) (5)

4 If C,< Hand d, < UCL, the process is thought to be in control, and go back to
step (2) for the next sample.

5 Otherwise (i.e., C,> H and/or d, > UCL), an out-of-control signal is produced and the
process is stopped immediately for further investigation.

These steps can also serve as the pseudo code for developing an operational programme
for the computer-aided implementation. It is noted that (d, > UCL) is the only addition for
the implementation of an np-CUSUM scheme compared with the individual CUSUM
chart. While the CUSUM chart produces an out-of-control signal only when (C, > H), an
np-CUSUM scheme signals when (C, > H) and/or (d, > UCL). Checking the condition of
(d, > UCL) only slightly increases the difficulty in implementation, but it significantly
enhances the capability of the np-CUSUM scheme for detecting large p shifts.

To design an np-CUSUM scheme, the following four specifications need to be
determined beforehand:

1  the allowable minimum value 7 of in-control ATS,

2 the in-control fraction non-conforming p,

3 the maximum out-of-control value p,.x of fraction non-conforming
4 the sample size n.

The value of 7 is decided with regards to the tolerable false alarm rate. The value of py is
usually estimated from the data observed during the pilot runs in phase I test. The control
charts used in phase I and phase Il may not be the same. For example, in variable control
charts, Montgomery (2009) suggested using an X chart in phase I to collect the data for
the estimation of process parameters, and then designing a more advanced EWMA or
CUSUM chart to monitor the same process in phase II. Likewise, an np chart could be
used in phase I to estimate p, in order to construct the np-CUSUM scheme. Then, the
np-CUSUM scheme is used in phase II to monitor the process shift in fraction
non-conforming.

The maximum fraction non-conforming p..x is required for the calculation of the
average number of defectives (AND) which will be discussed shortly. p,,.x may be chosen
based on the knowledge about a process (e.g., the maximum possible p shift in a process)
or taken as the shift range the users are interested. The sample size n is usually
determined according to the available resources (such as manpower and instruments) and
the requirements on detection effectiveness. A large sample size will increase the
detection effectiveness of the np-CUSUM scheme and any other charts but make the
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inspection more costly. British Standard Institution Handbook 24 (1985) suggested
determining » by:

n=-— Q)

where 7 is a constant between 1 and 3 when py > 0.03 and should be made smaller along
with the decrease of p.

It is usually difficult to predict the magnitudes or sizes of process shifts in most
applications (Reynolds and Stoumbos, 2004b). Therefore, a control chart should produce
a small out-of-control ATS for process shifts of different sizes, or have an excellent
overall performance across the entire shift range of interest. The AND can be adopted to
measure the overall performance of an attribute control chart. It is the average number of
non-conforming units produced in different out-of-control cases over a process shift
range of (po < p; < Pmax)- If N is the number of units produced per time unit and A7S(p;) is
the ATS value that corresponds to a particular out-of-control case in which the fraction
non-conforming is p(= i X p,), then the number of defectives produced during this
particular out-of-control case is N x p; X ATS(p;). If (m — 1) different p; values are taken
into consideration (i.e., p; =i X pg, i = 2, 3,...... , m), then the average number of
non-conforming units for all out-of-control cases is AND, that is

m

1
AND:E;(N pi-ATS (p;))

i -ATS(p;)) (7

m—14

Since N is a constant and has no effect on the performance comparison and the optimal
solution, it can be omitted from equation (7). Then,
1 m
AND = —— ATS(p; ). 8
-2 PATS () ®)

m=13

The index AND directly relates the chart performance with the economic outcome. That
is, a chart producing smaller AND will produce less number of defectives, on average,
when out-of-control cases occur. Moreover, AND can be considered as a weighted
average of ATS that uses p as the weight. It means that if AND is used as the objective
function to be minimised, then the larger the p;, the smaller the corresponding ATS(p;)
will be resulted from the optimisation design. The out-of-control AT7S(p;) of the
np-CUSUM scheme is calculated by the formulae derived in the Appendix.

In this article, the design of the np-CUSUM scheme will be carried out based on the
following optimisation model using AND as the objective function:

Objective : Minimise AND O]
Constraint: ATS) = 1, (10)
Design variables: UCL,k,H.

where UCL and k are treated as independent design variables. The control limit H is
dependent on UCL, k and the specified 7. The objective of the optimisation design is
to identify the optimal values of UCL and k that minimise AND over a shift range of
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(Po < p < Pumax)> and meanwhile H is adjusted so that ATS, > 7. The optimisation design is
implemented by a two-level search as outlined below:

1 Specify the parameters T, pg, Pmax and #.

2 Initialise a variable AND,;, as a very large number, say 107 (AND i, s used to store
the minimum value of AND).

3 Atthe first or top level, search the optimal value of UCL by increasing it one by one
with a starting value of UCL,,,, where UCL,, is the upper control limit of an np chart
that meets (A7S, > 7). It is noted that the UCL of the np-CUSUM scheme cannot be
smaller than UCL,,, otherwise the constraint of (4TS, > t) must be violated. The
search at this top level will be terminated when AND cannot be further reduced.

4 At the second or low level, with the given value of UCL determined at the top level,
search the optimal value of k. For a given set of values of (UCL, k)

e determine the control limit A that satisfies the constraint of (47.S, > 1)

e when the values of all three charting parameters, UCL, k and H, are
preliminarily determined, calculate the objective function AND by equation (8)

o if the calculated AND is smaller than the current AND,,;,,, replace the latter by
the former and the current values of UCL, k and H are stored as a temporary
optimal solution.

5 At the end of the entire two-level search, the optimal np-CUSUM scheme that
produces the minimum AND and satisfies the constraint (4TS, > 1) is identified. The
corresponding optimal values of UCL, k and H are also finalised.

In the optimisation design, adjusting UCL is to allocate the Type I error (or power) of the
np-CUSUM scheme between the np chart element and the CUSUM chart element. If
UCL is tightened, H must be relaxed for (47Sp > t). This will make the np-CUSUM
scheme more sensitive to large p shifts. Similarly, if UCL is loosened, H can be
tightened, and the np-CUSUM scheme will be more powerful for detecting small p shifts.
Furthermore, the reference parameter k£ is optimised in order to make the np-CUSUM
scheme most effective for signalling different p shifts across the entire range rather than
to minimise the out-of-control A7S value just for a particular p shift.

The above search mechanism is quite reliable, because the number of the possible
values of the integral UCL is limited and can be tested one by one, and the optimal value
of the only remaining variable, &, can be easily determined by an exhaustive search. For
the cases tested in this article, the optimisation design of an np-CUSUM scheme can be
completed within a few minutes of CPU time in a personal computer.

3 Comparative studies

In this section, the detection effectiveness of four control charts (the np chart, the
CUSUM chart, the EWMA chart and the combined np-CUSUM scheme) is studied and
compared. The charts are studied only for detecting increases in fraction non-conforming.

The design of an np chart is to adjust the upper control limit UCL so that the resultant
ATS, is no smaller than t. The design of a CUSUM chart is to find the best combination
of the reference parameter £ and the control limit A so, that the chart produces the
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minimum AND [equation (8)] and meanwhile has an ATS, equal to or larger than 7. The

design of a EWMA chart is similar to the design of a CUSUM chart except that the two

charting parameters to be adjusted are the smoothing parameter 4 and the control limit W.
The four charts are first studied under a general case as shown below:

=650, py =0.01, p,,. =10p, =0.1and n =1/ p, =100 (11)

The four charts are designed for this case and the results are shown below:

np chart: UCL =5.
CUSUM chart: k=1.750, H = 4.630.
EWMA chart: A=0.230,W =1.275.

np-CUSUM scheme: k& =1.500, H =6.011,UCL =5.

The ATS values of the four charts are calculated within the process shift range from p, to
Pmax>» and the results are displayed in Table 1. The curves of the normalised ATS (i.e.,
ATS/ATS,p.cusun) of the four charts are illustrated in Figure 1. Figure 1(a) shows the full
scale normalised ATS curves while Figure 1(b) zooms in the curves over a smaller scale
of ATS/ATS,,.cusun. It is interesting to observe the followings from Table 1 and Figure 1:

1 Firstly, each of the four charts generates an 4TS, value close to or larger than 7 when
the process is in control. This ensures that the requirement on the false alarm rate is
satisfied. It is noted that, the 4TS, values of the CUSUM chart, EWMA chart and
np-CUSUM scheme are fairly close to 7 (= 650) because these three charts have
several parameters that can be adapted to fit the constraint (4TS, > 7). As a result, the
potential effectiveness of these three charts can be better utilised. On the contrary,
the np chart with only one integral parameter (UCL) generates an in-control
ATSy (= 1,871) much larger than 7 and, thus, has lower effectiveness (Reynolds and
Stoumbos, 1999). However, an attempt to tighten the UCL (i.e., reducing UCL from
five to four) will make the resultant 4TS, equal to 291 that seriously violates the
constraint (4TS 2 7). It reflects an intrinsic drawback of the np charts due to the
discrete nature of the attribute quality characteristics.

2 As expected, the CUSUM chart and EWMA chart outperform the np chart for small
p shifts to a significant degree (when p < 6py), but they are less sensitive than the
latter to larger p shifts (when p > 7py).

3 The ATS values of the np-CUSUM scheme are often either equal or close to the
minimum across the p shift range. The np-CUSUM scheme becomes more superior
to both CUSUM and EWMA charts for large p shifts (p > 5p) because the former is
able to respond quickly to the change of p in the last sample. When p = 8p,, the ATS
values of the CUSUM chart and EWMA chart are larger than that of the np-CUSUM
scheme by 13% and 7%, respectively. On the other hand, the np-CUSUM scheme
outperforms the np chart over the entire p shift range, especially when p is small. For
example, when p = 2p,, the np chart produces an A7S larger than that of the
np-CUSUM scheme by 483%. Obviously, it is the combination of the np and
CUSUM charts plus the optimisation design that makes the np-CUSUM scheme very
effective from an overall viewpoint. The np-CUSUM scheme is less effective than
the CUSUM chart and EWMA chart only in a small region of p shifts (when p is
around 4py).
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Table 1 Comparison of four charts at 7= 650, po = 0.01, pya = 10pg, n =100

p(* po) AT
np chart CUSUM chart EWMA chart np-CUSUM chart
1 1,870.7868 741.4627 635.1933 673.3411
2 64.0843 11.9108 11.8273 11.0009
3 11.8706 3.8571 3.7590 3.9261
4 4.2253 2.2453 2.1261 2.2850
5 2.1042 1.5659 1.4844 1.5068
6 1.2879 1.1899 1.1045 1.0907
7 09113 0.9490 0.8844 0.8441
8 0.7193 0.7863 0.7402 0.6947
9 0.6167 0.6763 0.6453 0.6075
10 0.5611 0.6016 0.5844 0.5575
Figure 1 Normalised ATS of the four control charts
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Case T Po Pmax(XPo) n Chart kori Hor W UCL AND AND/AND,,, cusum
np - - 5 0.2469 2.8189
CUSUM 1.750 4.630 - 0.0962 1.0982
0 650 0.01 10 100
EWMA 0.230 1.275 - 0.0901 1.0285
np-CUSUM 1.500 6.011 5 0.0876 1.0000
np 3 0.1425 1.7867
CUSUM 0.950 4.333 - 0.0829 1.0397
1 300 0.005 5 120
EWMA 0.410 1.402 - 0.0957 1.2008
np-CUSUM 0.950 4.204 5 0.0797 1.0000
np - - 3 0.0671 1.2790
5 300 0.005 15 120 CUSUM 0.950 4.236 - 0.0555 1.0575
EWMA 0.365 1.294 - 0.0527 1.0038
np-CUSUM 0.950 4.270 4 0.0525 1.0000
np - - 5 0.1128 2.4784
3 300 0.005 5 240 CUSUM 2.150 3.725 - 0.0482 1.0583
EWMA 0.275 1.404 - 0.0456 1.0022
np-CUSUM 1.900 4.651 5 0.0455 1.0000
np - - 5 0.0527 1.5967
CUSUM 2.150 3.703 - 0.0339 1.0270
4 300 0.005 15 240
EWMA 0.365 1.741 - 0.0337 1.0212
np-CUSUM 1.900 4.616 5 0.0330 1.0000
np - - 3 0.9394 2.0512
CUSUM 0.950 4.173 - 0.4580 1.0000
5 300 0.03 5 20
EWMA 0.365 1.260 - 0.5247 1.1456

np—-CUSUM 0.950 4.173 o 0.4580 1.0000
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Case T Po Pmax(X Po) n Chart kori HorWw UCL AND AND/AND,,,.cusum
np - - 3 0.4187 1.4208
CUSUM 1.200 2.876 - 0.3022 1.0255
6 300 0.03 15 20
EWMA 0.365 1.260 - 0.3025 1.0265
np-CUSUM 0.950 5.349 3 0.2947 1.0000
np - - 5 0.7391 2.8538
CUSUM 1.900 4.361 - 0.2670 1.0310
7 300 0.03 5 40
EWMA 0.410 1.826 - 0.2828 1.0919
np-CUSUM 1.900 4472 5 0.2590 1.0000
np - - 5 0.3319 1.7190
CUSUM 2.400 2.808 - 0.1990 1.0305
8 300 0.03 15 40
EWMA 0.365 1.689 - 0.1968 1.0192
np-CUSUM 1.900 4.400 5 0.1931 1.0000
np - - 4 0.5239 5.0414
CUSUM 1.200 3.897 - 0.1121 1.0785
9 900 0.005 5 120
EWMA 0.500 1.877 - 0.1552 1.4937
np-CUSUM 0.950 5.424 5 0.1039 1.0000
np - - 4 0.1860 3.0341
CUSUM 1.200 3.860 - 0.0663 1.0814
10 900 0.005 15 120
EWMA 0.455 1.765 - 0.0726 1.1843
np-CUSUM 0.950 5.646 4 0.0613 1.0000
np - - 6 0.3074 5.4161
CUSUM 1.900 5.680 - 0.0581 1.0237
11 900 0.005 5 240
EWMA 0.320 1.825 - 0.0635 1.1180
np-CUSUM 1.900 5.791 6 0.0568 1.0000
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Case T Do Pmax(*p0) n Chart kori HorWw UCL AND AND/AND,,, cusum
np - - 6 0.1101 2.9344
CUSUM 1.900 5.697 - 0.0391 1.0419
12 900 0.005 15 240
EWMA 0.185 1.247 - 0.0386 1.0293
np-CUSUM 1.900 5.774 6 0.0375 1.0000
np - - 4 3.9678 6.5125
CUSUM 1.200 3.897 - 0.6792 1.1148
13 900 0.03 5 20
EWMA 0.410 1.584 - 0.8275 1.3581
np—CUSUM 0.950 5.401 4 0.6093 1.0000
np - - 4 1.3414 3.8247
CUSUM 1.200 3.806 - 0.3887 1.1083
14 900 0.03 15 20
EWMA 0.365 1.462 - 0.3928 1.1200
np-CUSUM 0.950 5.408 4 0.3507 1.0000
np - - 6 2.2024 6.4838
CUSUM 1.900 5.512 - 0.3454 1.0168
15 900 0.03 5 40
EWMA 0.185 1.224 - 0.3401 1.0012
np-CUSUM 1.900 5.512 7 0.3397 1.0000
np - - 6 0.7595 3.4498
CUSUM 2.150 4.700 - 0.2252 1.0230
16 900 0.03 15 40
EWMA 0.275 1.598 - 0.2266 1.0291
np-CUSUM 1.900 5.566 6 0.2202 1.0000
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The AND values [equation (8)], as well as the ratio of (AND/AND,,,.cusuu), of the four
charts are enumerated in case 0 in Table 2. The values of (AND/AND.,,, cusupm) indicate
that, for this case (where t = 650, pg = 0.01, pmax = 10py and n = 100), the np-CUSUM
scheme reduces the AND by 181.89%, 9.82% and 2.85% compared with the np chart,
CUSUM chart and EWMA chart, respectively, over the range of p shifts.

Next, the four charts are further studied under more different conditions through a 2*
factorial experiment in which the four specifications (z, pg, pmax and n) are used as the
input factors and each of them varies at two levels as shown below:

i 300, 900
i 0.005 0.03

Prmax - SpO’ 15p0
n: 0.6/py 1.2/p,.

The levels are determined with reference to those commonly used by many authors (Gan,
1993; Wu et al., 2008a). It is noted that p,,,,, and n are expressed in terms of p,.

This 2¢ experiment results in 16 different cases or combinations of z, py, pmax and n as
shown in Table 2 (in cases 1 to 16). For each case, the four control charts are designed
and each of them produces an 4TS, no smaller than 7. In all these 16 cases, the relative
detection effectiveness of the charts is similar to that revealed in Table 1. Namely, the
np-CUSUM scheme is always more effective than the other three charts in terms of AND,
with only one exception in case 5 where the np-CUSUM scheme and CUSUM chart are
identical and equally effective.

The overall performance, as reflected by AND, is summarised in Table 2 for the 16
cases. Also, the charting parameters are listed in Table 2. The values of AND,,/AND,,.
cususs ANDcususd AND - cusupe and ANDgya/ AND . cusun are always no smaller than
one. The np-CUSUM scheme always outperforms the np chart to a significant degree,
especially when 7 is large and/or pp,y is small. The ratio of AND,,/AND,,.cusuy has its
maximum value of 6.512 in case 13. Similarly, the np-CUSUM scheme is often
considerably more effective than the CUSUM chart and EWMA chart, especially when ¢
is large and/or n is small. For example, in case 13, the ratios of ANDcysus/AND,p.cusum
and ANDgyna/ AND,p.cusun are equal to 1.115 and 1.368, respectively.

. AND . o
Finally, a grand average ———— is calculated for each chart. It indicates the

AND, np-CUSUM
average of the AND/AND,,,. cusum values encompassing all the 16 cases in Table 2. The
results are

AND
—””=3.2177,ANDM=1.0504 andM:LIIOZ.

ANan—CUSUM ANan—CUSUM ANan—CUSUM

This indicates that, from the most comprehensive viewpoint (covering all different values
of 7, po, Pmax and n), the np-CUSUM scheme is more effective than the np chart, CUSUM
chart and EWMA chart by 221.77%, 5.04% and 11.02%, respectively.

It is noteworthy that neither the np chart nor the CUSUM chart can have higher
overall effectiveness than the np-CUSUM scheme under any circumstances (for any set
of specifications z, po, pmax and n), because each of the np chart and CUSUM chart is just
a special case of the np-CUSUM scheme. If the control limit A of an np-CUSUM scheme
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is set infinitely large and its UCL is made equal to that of an np chart, then this
np-CUSUM scheme will perform exactly as that np chart. Similarly, if the upper limit
UCL of the np-CUSUM scheme is set infinitely large and its H and k& are made equal
to those of a CUSUM chart, then the np-CUSUM scheme works exactly as the
CUSUM chart. Consequently, one can always design an np-CUSUM scheme that will
surely perform better than, or at least equally well as, the best np chart or the best
CUSUM chart. As shown in Table 2, there is one special case (case 5) in which the
np-CUSUM scheme and CUSUM chart are equivalent and both produce the same results.
In all other cases, the np-CUSUM scheme outperforms both the np chart and CUSUM
chart.

Finally, the performance of the np-CUSUM scheme is compared with that of the
M-P np-CUSUM chart proposed by Morais and Pacheco (2006) under the following
specifications used in one example in their paper:

7 =240, p, =0.05 and n =100 (12)

Since Morais and Pacheco (2006) have not specified a value for the maximum
fraction non-conforming p.., a setting of (Pu.x = 10pg) is used for this study. The
charting parameters of the M-P np-CUSUM chart as determined by Morais and Pacheco
(2006) are k = 5.29, H = 18.3 and UCL = 8.79. However, these parameters values will
produce a very small ATS, of 15 which seriously violates the constraint (47, > 7).
In order to ensure a fair and meaningful comparison between the charts, the UCL of the
M-P np-CUSUM chart has been relaxed from 8.79 to 15 so that ATS, approaches the
value of 7 (= 240) as specified by Morais and Pacheco (2006). In addition, the CUSUM
chart and np-CUSUM scheme are also designed for this case. The three charts are shown
below:

M-p np-CUSUM chart: &k =5.290, H =18.300, UCL =15, AND =0.193
CUSUM chart: k=9.750, H = 2.406, AND = 0.186
np-CUSUM scheme: k=7250,H=4971,UCL =15, AND =0.172.

The ratios of ANDM_p np»CUSUM/ANDCUSUM and ANDM,p np-CUSUM/ANan-CUSUM are 1.038 and
1.122, respectively. This indicates that, The CUSUM chart and np-CUSUM scheme
reduce the AND by about 4% and 12%, respectively, compared with the M-P np-CUSUM
chart. The fact that the M-P np-CUSUM chart is even inferior to the single CUSUM chart
reflects that simply combining an np chart and a CUSUM chart together without
optimising the charting parameters may not ensure better performance.

4 Case study

This case study concerns the quality of a surgical sponge product. A control chart is to be
designed to monitor the fraction non-conforming of the product. The in-control p, is
estimated as 0.0125 from historical records. Based on the requirement on quality and the
experience of the quality engineer on the process, the maximum fraction non-conforming
Pmax 18 set as 10p,. The allowable minimum 7 is set as 700 hours. A sample size n of 80
and a sampling interval 4 of 1 hour is selected based on the available manpower and
working shift. The specifications are summarised as follows:
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po =0.0125,  in-control fraction non-conforming
Pmax =10 py,  maximum fraction non-conforming
7 =700 hours, allowance minimum in-control ATS,,
n =280, sample size

h =1 hour, sampling interval.

The charting parameters of the np chart, CUSUM chart and np-CUSUM scheme as well
as their AND and AND/AND,,,.cusum values are listed below:

np chart: UCL =5,4AND =0.312, AND/AND,, cuysuy =2.737
CUSUM chart: k =1.500, H =6.006, AND =0.125, AND/ANan-CUSUM =1.096
np-CUSUM scheme: k& =1.750, H =4.779, UCL =5, AND =0.114.

Table 3 Comparison of the three charts in the case study

ATS
P(*po)
np chart CUSUM chart np-CUSUM chart

1 1,922.5508 919.1721 765.1227
2 65.2263 11.3406 13.4938
3 11.9924 4.0386 4.0107
4 4.2444 2.5171 2.1970
5 2.1044 1.7522 1.4574
6 1.2838 1.3618 1.0567
7 0.9065 1.1006 0.8233
8 0.7150 0.9163 0.6849
9 0.6132 0.7775 0.6017
10 0.5585 0.6769 0.5541

Figure 2 ATS of the three control charts in the case study
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Figure 2 ATS of the three control charts in the case study (continued)
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In this case study, in terms of AND values, the np-CUSUM scheme reduces the AND by
about 174% and 10% compared with the np chart and CUSUM chart, respectively. The
values of the in-control ATS, (where p = p,) and out-of-control ATS (where po < p < 10p,)
of the three charts are shown in Table 3. The curves of the ATS value versus p of the three
charts are illustrated in Figure 2. Figure 2(a) shows the ATS curves over nearly the whole
shift range while Figure 2(b) zooms in the ATS curves under moderate and large p shifts.
It can be observed that the np-CUSUM scheme outperforms the np chart over the entire p
shift range. The np-CUSUM scheme is also more effective than the CUSUM chart over
the whole p shift range except for p = 2py.

5 Discussions and conclusions

This article presents an algorithm for the optimisation design of the np-CUSUM scheme
which comprises an np chart element and a CUSUM chart element. The design algorithm
does not only optimise the charting parameters of each of the np chart element and
CUSUM chart element, but also optimises the allocation of the detection power between
the two elements, so that the best overall performance can be achieved.

Moreover, systematic performance assessment and comparison have been carried out.
The results of the comparative studies show that the optimisation design makes the
np-CUSUM scheme always outperform, or at least perform equally as, the np chart,
CUSUM chart and EWMA chart in terms of AND. The np-CUSUM scheme is more
effective than the main competitor, the CUSUM chart, by 5% on average in terms of
AND.

As a by-product of the optimisation design, the resultant ATS; of the np-CUSUM
scheme is usually close to the specification 7 in spite of the discrete nature of the attribute
quality characteristics. This feature enables the designers of the np-CUSUM scheme to
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accurately specify and control the false alarm rate and, at the same time, to make full use
of the potential of the detection effectiveness of the chart.

Due to the rapid advancement in computational technology, the complexity of the
implementation of the np-CUSUM scheme is almost the same as that of the np chart,
CUSUM chart and EWMA chart. Since the np-CUSUM scheme considerably
outperforms the other charts, it is recommended that the individual charts be replaced by
the np-CUSUM scheme for attribute SPC. The whole optimisation design of the
np-CUSUM scheme can be implemented with a computer programme by following a
well developed procedure. Once the optimisation design is carried out, the designed
np-CUSUM scheme can be used continuously and the improvement in detection
effectiveness can be benefited on a long term basis.

In this article, the studies are conducted based on some general conventions and
assumptions, such as the known in-control fraction non-conforming p, and the binomial
distribution of d. It is interesting to carry out further studies on how the performance of
the np-CUSUM scheme will be affected when p, is estimated and d follows other
distributions.

In this article, both the sample size n and sampling interval / are specified or fixed for
each design case with n depending on the available inspection resource and / following
the rational subgroup concept. However, in some applications, n and 4 are allowed to be
adjusted under some constraints on inspection rate or cost. Therefore, it is also
worthwhile, as a future work, to search the optimal values of » and 4 of an np-CUSUM
scheme for such applications.

Another promising future research is to investigate an adaptive np-CUSUM chart in
which the sample size n and sampling interval / are varied based on the online observed
data from the process (Wu and Luo, 2004). The adaptive np-CUSUM chart is expected to
detect process changes even faster than its static counterpart with fixed » and 4, as well as
the adaptive np and CUSUM charts. However, the design and implementation of the
adaptive charts are more complicated. The operational difficulty cannot be simply solved
by just using an on-site computer.
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Appendix

Calculation of the in-control ATSy and out-of-control ATS for the np-CUSUM
scheme

The cumulative probability function F (D) of d can be calculated as follows:

D
Fy(D)=Pr(d <D)=Y C/'p'(-p)"”,
i=0 (A1)

n_n!

il n—i)!
The np-CUSUM scheme is a combined scheme of a CUSUM chart element with
parameters (H and k) and an np chart element with parameter (UCL). The np-CUSUM
scheme can be described by a Markov chain procedure. Suppose that the statistic C, in
equation (2) experiences M different transitional states before being absorbed into

the out-of-control state. States 0 to (M — 1) are the in-control states and state M is an
out-of-control state. The width A of the interval of each state is given by:

A=H/(M-0.5), (A2)
The centre, O, of state i is given by:

O.=i-A i=01.. M. (A3)



36 S. Haridy et al.

The transition probability p; from state i to state j of the np-CUSUM scheme is
determined as follows:

forj=0,
F,[(05-)A+k] if UCL>(0.5-i)A+k
07 {Fd [UCL] if UCL<(05-i)A+k (Aad)
forj >0,
Flul-F,[l  if UCL>u
p; =1 F,JUCL1-F,[1] if 1<UCL<u (A5)

0 if UCL<I

where [=(j—i—05)A+kandu=1+A

When evaluating the in-control ARL,, p;; is calculated using p = p,. Based on p;;, the
in-control transition probability matrix R, is established. It is a M x M matrix excluding
the elements associated with the absorbing (i.e., out-of-control) state.

Poo Por 1 Pom-
R, - pjo P:n pl,/:/[—l (A6)
Py-10 Pm-11 " Pm-1,m-1
ARLy is equal to the first element of vector U given by the following expression:
U=(I-Ry) "1, (A7)

where 7 is an identity matrix and 1 is a vector with all elements equal to one. Finally,
ATS, can be calculated from ARL,.

ATS, = ARL, - h. (A8)

The transition probability matrix R; for calculating the out-of-control ARL can be
established similarly as R, except that the transition probability p; of R; must be
evaluated according to the out-of-control p. It is assumed that the statistic C, has reached
its stationary distribution at the time when the p shift occurs and that the random time of
process shift has a uniform distribution within the sampling interval (Reynolds et al.,
1990). Based on these assumptions, the steady-state ARL is calculated below:

ARL=B"[(1-R)"1-1/2], (A9)

where B is the steady-state probability vector under (p = pg). It is obtained by first
normalising the matrix R, (making the sum of the elements in each row equal to one),
and then solving the following equation:

B=R]B, (A10)
subjected to

1"B=1. (A11)
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At last, ATS can be calculated from ARL.
ATS = ARL - h. (A12)

All of the formulae derived in the Appendix have been checked by simulation.



